We address a fundamental issue in quantum mechanics and quantum information theory, the generation of an entangled pair of qubits that interact solely through a third, semiclassical degree of freedom, in the framework of cavity quantum electrodynamics. We show that finite, though not maximal, entanglement is obtainable in the classical limit, at the price of a diverging effective interaction time. The optimal atomic entanglement derives from a trade-off between the atomic entanglement in a sub-wave packet and the purity of the atomic state. Decoherence by photon loss sets an upper limit on the degree of excitation of the cavity mode, beyond which the achievable entanglement decreases as the inverse mean photon number to the sixth power.
I. INTRODUCTION
Field-atom entanglement is one of the hallmarks of strongly interacting cavity quantum electrodynamics (CQED) systems. This fundamental process is often used as a building block in the formation of entangled states of two or more atoms that serve as a resource for quantum information processing. A notable example is the generation of a two-atom Bell state by means of consecutive interaction with a resonant microwave cavity mode prepared in the vacuum state [1] . In effect, the cavity mode stores the entanglement with one atom, that is then transferred to the second atom. The question addressed in this work is: Can entanglement be generated when the initial field state becomes semiclassical? On one hand quantum fluctuations persist also in the semiclassical limit, while on the other hand the correspondence principle states that in this limit classical physics should be recovered, where the notion of entanglement is not even defined.
The semiclassical states of the field mode are wave packets that are localized in phase space, where the canonical coordinates are the field quadratures, such as coherent states and squeezed coherent states, and have a large mean photon number. When a two-level atom interacts with a coherent state wave packet, its polarization undergoes Rabi oscillations whose amplitude exhibits collapse-revival dynamics [2] as a consequence of the splitting of the initial wave packet in two mutually orthogonal sub-wave packets, and of their periodic collisions [3, 4] . Each sub wave-packet is a product of squeezed field state and an atomic state. After splitting, the atom-field system is highly entangled, but slow atomic state evolution turns the field-atom state again into a product state [3, 4] , and the field state is a superposition of two well-separated wave packets, sometimes called a Schrödinger cat state. This semiclassical dynamics can be described as a flow in a double phase space [5] .
Here we study a field mode interacting consecutively with two two-level atoms. The interaction of the field wave packet with the first atom causes it to split, as explained, and to become entangled with the atom. When the interaction with the second atom begins, each of these sub-wave packets splits again, and the atom-field-atom system becomes a superposition of four wave packets (see Sec. II, Fig. 1 ). Atom-atom entanglement can only be obtained if two or more of the sub-wavepackets overlap, and this occurs when the normalized interaction times of the field with the two atoms are equal. The system state is then in general a superposition of three wave packets, and the atom-atom state is an entangled mixed state.
We show in Sec. III that it is possible to generate entanglement that reaches a finite, less than maximal, limit when the photon number tends to infinity, although the time required to generate the entangled state diverges in this limit. The optimal interaction time is determined as a trade-off between the mixing of three pure atomic states and the degree of entanglement of one of them, as shown in Fig. 3 . We consider the effects of photon loss in Sec. IV and show that the entanglement generation is degraded by dephasing of the sub wave packets, and that a coherent superposition of wave packets cannot be maintained when the mean photon number is larger than the inverse decoherence rate to the The analysis demonstrates that a semiclassical preparation can serve as mediator for appreciable entanglement of atoms, if the decoherence is weak enough. For this purpose it is necessary that the field becomes entangled with the atoms and evolve into macroscopic superposition states. In contrast, when decoherence is too strong to allow wave packet splitting, atom-atom entanglement is generated only through small quantum fluctuations, and it is therefore weak.
The resonant interaction of a field mode in excited states with two atoms has been investigated theoretically in [6] [7] [8] for simultaneous interaction and [9, 10] for consecutive interaction, revealing wavepacket splitting, slow atomic state evolution, and collapse-revival dynamics of entanglement similar to those observed in one atomfield system. The off-resonant interaction of a field wave packet with two atoms was studied experimentally and theoretically in [11, 12] as a means of measurement of the cavity decay rate and its effect on the dephasing of Schrödinger cat states. The steady state entanglement of two atoms in a highly excited leaky cavity was studied [13] . Our focus is the process of entanglement of two two-level systems by interaction with an intermediary that tends to the semiclassical limit, for which CQED provides a prominent realization.
Field-mediated atom-atom entanglement is often carried out in the highly-detuned Raman regime [14, 15] where the field is only virtually excited to avoid fieldinduced decoherence. In a sense this is the opposite limit to the one studied here, and indeed we show that the atom-atom entanglement is very sensitive to dephasing of the field wave packet. Furthermore, although it is often argued that in the Raman regime entanglement is independent of the field state, the Raman regime entails an arbitrarily large detuning when the field state photon number tends to infinity.
II. ATOM-FIELD-ATOM INTERACTION
We study the dynamics of two two-level atoms interacting consecutively on resonance with a single electromagnetic mode. Modelling the interaction by the JaynesCummings Hamiltonian in the rotating wave approximation, the Hamiltonian is H(t) = H 1 , 0 < t < t 1 , and H 2 , t 1 < t < t 1 + t 2 , where
where ω is the frequency of the electromagnetic mode with energy states |n , n = 0, 1, . . . created by a † , and coherent states |α , ω is the level spacing of the twolevel atoms with energy states |g k , |e k (atom k) raised by σ † k , and Ω k are the field-atom interaction energies. The system is prepared in a product state |α ⊗|g 1 ⊗|g 2 .
When the field interacts with the first atom, the energy states are polariton states |n ± ≡ 1 √ 2
(|n − 1 ⊗|e 1 ± |n ⊗ |g 1 ), with energies (nω ± √ nΩ 1 ), and the absolute ground state |0 ⊗ |g 1 . The field-atom state evolves into a superposition of two products of a squeezed coherent state and an atomic state [2] [3] [4] . Expressing the Hamiltonian in terms of polariton number operatorn, and the projections P ± on the ± subspaces [5] ,
, and the field-first atom state at time t 1 is
For large |α| the dynamics generated by H ± is wellapproximated by classical dynamics in the polariton phase spaces, that is, phase spaces corresponding to the ± sub-Hilbert spaces, where the canonical coordinates q, p are the field quadratures. For convenience, we join a |0 ± state to the ± subspaces (respectively) with occupations that remain exponentially small throughout. The initial states in both phase spaces are then coherent state Gaussian wave packets, and they evolve according to the rules of semiclassical phase space dynamics [16] . In this approximation the wave packet evolution is determined completely by classical data generated by the classical Hamiltonians
obtained from the Weyl phase-space representation of the quantum Hamiltonians.
± generate nonlinear oscillations, that is rotation in phase space with an amplitudedependent frequency.
The wave packet propagation consists of three parts: A phase-space translation from the initial point (q, p), α =
(q ± + ip ± ) determined by the classical trajectory of the center of the wave packet, squeezing determined by the phase-space deformation generated by the nonlinear oscillations with squeeze parameters ξ ± , and an overall phase factor e −iφ± determined by the classical action of the classical orbits, so that the wave packets evolve to the squeezed coherent state
where
b being the polariton annihilation operator defined with the usual properties
The values of the wave packet parameters in a frame rotating with angular speed ω are φ ± = φ(±γ 1 ), α ± = α(±γ 1 ), ξ ± = ξ(±γ 1 ) with
Here
|α| is twice the phase space angle of rotation, clockwise and counter-clockwise (respectively), of the + and − wave packet; Ω1 2|α| is the classical (angular) frequency of nonlinear oscillations.
The atom-field states can be expressed in terms of photon states with the help of the identity
where γ 0 = arg α. Here we used the fact that the squeezed state wavepackets are localized in phase-space, so that they are approximate eigenstates of a and a † with eigenvalues α(±γ 1 ) and α(±γ 1 ) * (respectively). The atom-field state |1 is therefore a superposition of two wavepackets that are well-separated in phase space except when γ 1 is close to an integer multiple of 2π. The splitting of the wave packet generates field-atom entanglement that is almost maximal when γ 1 |α| −1 and decreases to zero for γ 1 = π [3] .
The interaction with the second atom proceeds analogously. The final field-two atom state at time t 1 + t 2 is
where each of the two wave packets |1 ± ⊗ |g 2 splits again to two sub wavepackets, that continue to undergo phase-space rotation and squeezing according to the fieldsecond atom polariton sign. |2 is therefore a superposition of four localized wave packets labeled by two sign choices
⊗ (e
where Γ rs = (rγ 1 + sγ 2 ) and γ 2 = Ω2t2 |α| .
III. ATOM-ATOM ENTANGLEMENT
The field-two atom state |2 is a superposition of four sub-wave packets each with a well-defined atomic product state. Superpositions of product states can give rise to entanglement, but for most values of γ 1 and γ 2 the four sub-wave packets are separate in phase space (see Fig.  1) , and label the different atomic components, so that the two-atom density matrix ρ a = Tr field |2 2| is a classical mixture of four product states in the limit |α| ≫ 1, which is by definition separable. The atomic states form a coherent superposition when the corresponding subwave packets overlap in phase space. We therefore let γ 1 = γ 2 = γ so that the field factors in the |2 +− and |2 −+ terms are identical and equal to the initial coherent state |α , while being separate from the field factors of |2 ++ and |2 −− , unless γ is an integer multiple of 2π. If γ is not an integer multiple of π, the field factors of |2 ++ and |2 −− are also phase-space separate, so that the atomic state is a mixture
of the states
(e 2iγ0 cos(
The state |c is entangled for all γ not an integer multiple of π, with monotonically decreasing entanglement entropy as a function of γ between 0 and π in the limit |α| → ∞ (see Fig. 2 ), while the states |l and |r are separable. The full two-atom state is entangled if ρ a cannot be expressed as a mixture of separable states. The entanglement of formation [17] is an entanglement measure that vanishes if and only if the state is separable, displayed in Fig. 3 that shows that the two atoms are entangled for most values of γ for finite α, and for all γ The entanglement entropy Ec of the center wavepacket two-atom state |c (left), and the purity P of the full two-atom state ρa (right) as a function of the phase-space rotation angle γ, shown for α = 4 (thin red), α = 8 (medium green), and asymptotically for |α| → ∞ (thick blue). The initial rise and later drop in the degree of entanglement of the full two-atom state can be understood as a trade-off between the increase in P and the decrease of Ec. P (α → ∞) is discontinuous at γ = 0, π, and these points are excluded from the graph. except integer multiples of π in the limit |α| → ∞. When nonzero, the entanglement of formation of the two-atom state, being equal to the minimal weighted average entanglement entropy of pure states mixed in ρ a , obtains its maximum of ≈ 0.21 at a kink singularity at γ = π 2 . Unfortunately, there exist nonequivalent entanglement monotones for mixed states [18] . As an example, the negativity, that is minus the sum of the negative eigenvalues of the partial transpose of ρ a , obtains its maximum at γ ≈ 0.511π (see Fig. 3 ). This result indicates that although there is no precise meaning for optimal interaction time, values of γ near 1 2 π are best for entanglement generation in this system. Furthermore, changing the initial condition of the second atom to |e leaves the entanglement of formation unchanged, and slightly shifts the maximum of the negativity to γ ≈ 0.513π.
An important aspect of the two-atom entanglement generation process is that although the atom-field entanglement, and therefore the entanglement entropy of the center wave packet |c , reaches maximal value after a short effective interaction time γ of O(|α| −1 ), the degree of entanglement of the full two-atom state is very low for such small γ. This is a result of the incoherent mixing of |c with the flank wave packets |l , |r whose overlap with |c is low for small γ, as follows from the low purity of ρ a for these γ, see Fig. 2 . When γ increases, the entanglement entropy of |c decreases until it becomes separable for γ = π, but at the same time the overlap of |c with |l and |r , and consequently the purity of ρ a , increase. As a result, the degree of entanglement of ρ a increases initially, reaches a maximum near γ = 1 2 π, and decreases to 0 for γ = π, as shown in Fig. 3 . Although Eq. (13) is not valid for γ an integer multiple of π, the preceding argument is valid for these values of γ showing that the entanglement of formation is a continuous function of γ.
IV. EFFECTS OF DECOHERENCE
The preceding results apparently contradict the correspondence principle by displaying entanglement, a purely quantum phenomenon, at the classical limit. However, a given value of entanglement is reached for a fixed γ = Ω1t1 |α| = Ω2t2 |α| , and therefore the required interaction time diverges when |α| → ∞. This is a demonstration of the singular nature of the semiclassical limit: for a fixed interaction time classical physics is recovered as |α| → ∞, but the classical and the long-time limits do not commute. A similar phenomenon was observed in [19] , where the classical limit and the limit of large squeezing do not commute.
Physically, longer interaction times imply a stronger effect of environment coupling, and it is this effect that guarantees the emergence of classical physics for large |α|, both because of stronger dephasing and because of longer interaction times. We demonstrate this statement using the standard Markovian model of cavity loss, with Lindblad generator a and rate λ, so that the master equation for the full system density matrix ρ is [20] 
A superposition of distinct coherent states c(|α + |β ) experiences as a result of cavity loss, in addition to the overall decay with rate λ, a much faster dephasing with rate λ|α−β| 2 that affects the coefficients of the coherence terms in the density matrix proportional to |α β| and its conjugate [20] .
In order to analyze this process in conjunction with the wave packet dynamics we assume that λ|α| ≪ Ω 1 , Ω 2 so that we can ignore the energy decay of the state. The full-system density matrix after the interaction with the first atom is then
. A similar dephasing affects the coefficient of the twelve coherence terms during the interaction with the second atom. The significance of dephasing for the generation of twoatom entanglement is the reduction of the coherence between the two wavepackets |2 +− and |2 −+ that generates the entangled atomic state |c when they collide, so that the term |2 +− 2 −+ | and its conjugate in the fullstate density matrix are multiplied by x 1 x 2 and (x 1 x 2 ) * (respectively). It follows that the term 1 2 |c c| in ρ a is replaced by
with
where upper (lower) signs correspond to A (B), respectively, while the terms proportional to |l l| and |r r| are negligibly affected by decoherence. For |x 1 x 2 | < 1 ρ c is the density matrix of a mixed state. Since |c A and |c B are product states, the degree of entanglement of ρ c , and therefore ρ a , is a decreasing function of the decoherence rate λ. It follows from Eq. (16) that the degree of entanglement depend on the decoherence rate only through the combination y = 2λ|α| 3 Ω1+Ω2 . Fig. 4 shows the entanglement of formation as a function of y and γ. Evidently, the maximum achievable entanglement decreases with increasing y, and this maximum is achieved earlier. Detailed analysis shows that when y is large the maximum of the entanglement is achieved at γ = 1 y , and its value is proportional to y 4 log y. This phenomenon has the simple interpretation that a shorter effective interaction time allows less time for entanglement generation, but also less time for decoherence, and that this trade-off leads to a shorter optimal interaction time for stronger decoherence; for large y the entanglement is completely destroyed when γ = 3 2y . In this limit the interaction stops before the initial wave packet splits so that entanglement is generated only by weak quantum fluctuations, and this allows a power law rather than an exponential decay in the degree of entanglement-the entanglement of formation for the optimal interaction time is approximately 
V. CONCLUSIONS
Our first conclusion is that two qubits can be entangled solely by interaction mediated by a macroscopic field preparation, and the degree of entanglement tends to a positive value in the classical limit. The entanglement process proceeds through splitting of the field wave packet into four components each carrying a different atomic product state and a subsequent merging of two of the sub wave packets to form a entangled superposition of two atomic product states. Thus, although the initial field state is semiclassical with a large photon number and well-defined quadratures, the field necessarily evolves into highly non-classical states during the entanglement generation process. Nevertheless, semiclassical wave packet dynamics approximation for the propagation of the wave packet stays valid during the full entanglement generation process, although in a multiple phase space-one phase space copy for each sub wave packet.
The splitting of the wave packet is a slow process where a macroscopic field state evolves by interaction with two qubits. Naturally, it is not an efficient method of creating entangled pairs, as the interaction time required to obtain entanglement diverges in the classical limit. The correspondence principle is therefore nonetheless obeyed in the sense that classical physics, i.e. no entanglement, is obtained in the limit of large photon number for a fixed interaction time.
The final two-atom state is a coherent superposition of two product states associated with the center wave packet, incoherently mixed with two additional products associated with the flank wave packets. Thus, the twoatom entanglement is determined by the overlap of the evolving atomic states. In particular, wave packet splitting and atom-field entanglement are necessary but not sufficient for the generation of atom-atom entanglement.
A subtler issue is the fact that the two atoms are not maximally entangled by interaction with the semiclassical field mode. Although for short interaction periods the center wave packet has an almost Bell atomic state, the atom-atom entanglement is degraded almost completely by mixture with the flank wave packets, while for long interaction times the field and atoms decouple, the atomic state at this stage is separable. Unlike the vacuum field, therefore, the semiclassical field does not function as a quantum gate, and we conjecture that this is an example of a general principle.
